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Abstract
Dependence and correlation represent distinct statistical concepts.While there aremethods to
measure linear and nonlinear correlation between two variables, understanding the statistical
dependence between them remains a topic of great interest. In this paper, we propose a heuris-
tic, numerical, and algorithmic approach to estimate the dependence coefficient between two
variables. With this approach, first, theX–Y scatter plot is transformed into a functional scat-
ter plot using a procedure called “functionalizing.” Next, a novel concept called “successive
triangles” is employed to estimate the dependence of Y on X. The proposed method offers
several advantages; it is distribution-free, so it is suitable for both Gaussian and non-Gaussian
numerical variables. Moreover, it can be used for both numerical and categorical (nominal)
variables. This approach can be employed in other applications such as correlation measure-
ment and also template matching for single-dimensional patterns. The presented method has
been validated by both the simulated and clinical data with promising results.
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1 Introduction

Correlation and dependence represent distinct concepts [1–4]. While the primary focus of
this article is not the difference between these two notions, it is essential to clarify their
meanings. Dependence implies causation [5, 6], whereas correlation signifies an association
between two variables. Notably, dependence is a more robust concept than correlation.

In most studies, it is crucial to understand how an independent variable impacts a depen-
dent one. Irrelevant or redundant variables can weaken analytical results [7]. For instance, in
kidney transplantation studies, various parameters, such as blood group, family relationships
between donors and recipients, age, and laboratory measurement, may influence transplanta-
tion outcomes [8]. Identifyingwhich variablesmost strongly predict transplantation outcomes
requires a well-designed experimental plan to measure dependence. However, conducting
an ideal experiment where all independent variables except the desired one are fixed can
be costly and time-consuming. As a practical alternative, researchers often employ quasi-
experimental methods like propensity score matching (PSM) to estimate the causal impact
of an independent variable, mimicking the effects of a randomized control trial [9].

While some methods focus on feature importance [10–27], assessing dependence effec-
tively can identify important features. Regression models can capture relationships between
variables [28–30], but quantifying the strength of a functional relation remains an area of
interest. Common correlation coefficients [31–35], such as Pearson’s correlation coefficient
[36], measure the correlation, but cannot directly assess the dependence [37]. Consequently,
researchers have developed various methods to accurately measure dependence over the past
few decades [38–61]. These methods include mutual information [40, 62–64], copula-based
techniques [30, 65–68], kernel-base methods [48, 69–71], conditional dependence analysis
[72], empiricalmethods [73], and principal curves [74]. Some approaches specifically address
nonlinear dependence between continuous variables [33, 74–79], while others exhibit sym-
metry or asymmetry [4, 53, 67, 80–83]. Simulated data can be useful for assessing these
methods [84, 85].

By increasing mixed datasets that include both numerical and categorical variables, it is
necessary to present heuristic numerical algorithms beyond the traditional methods [86–88].
Our proposed method stands out because it accommodates both nominal and numerical data.
It is asymmetric, allowing it to serve as a tool for measuring correlation as well. For instance,
if the dependence of a random variable X on Y is high while the dependence of Y on X
is low, X and Y are correlated but not dependent. Additionally, this method facilitates the
construction of causal models between variables [88–92].

1.1 Nonlinear dependency analysis

Our proposedmethod, “numerical dependency analysis (NDA),” yields an asymmetrymatrix.
In thismatrix, the elements of column j indicate howmuch other variables can predict variable
j.Unlike commoncorrelationmatrices,which exhibit symmetry,NDAintroduces asymmetry:

• Correlation Matrix (Common Case):

corr(X , Y) � corr(Y , X)

• NDA Matrix (Asymmetric Case):

NDA(X , Y) �� NDA(Y , X)
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In simple terms, the NDA algorithm quantifies the randomness of Y variations caused by
changes in X. While NDA cannot precisely measure the dependency of Y on X, it provides
a good estimation of the statistical dependence of Y on X. Throughout this paper, when we
refer to the “measure of dependence,” we specifically mean an estimation of dependency
measurement.

1.1.1 Preliminaries andmethods

In this section, first, a brief definition of dependence is provided, then the main approach to
measuring dependence is presented. Finally, the difference between dependence and corre-
lation is described.

1.1.2 Functional relation and dependency

The association or relation of two variables X and Y can be expressed as a functional or
non-functional relation. In an ideal functional relation, the value of X uniquely determines
the value of Y:

X → Y (1)

Figure 1 shows an example of a functional relation (Y is completely dependent onX [68]),
while Fig. 2 represents a non-functional relationship.

In an ideal functional relationship, X can predict (or determine) Y uniquely. It means
that, for each X value, there is no more than one value of Y. This is the principal key to
predictability. But in a non-functional relationship, there can be more than one Y value
for the same value of X. For example, in Fig. 2, for X � 0.2, there are two values of Y
(points A and B). Due to noise and other modulating factors, most practical scatter plots are
non-functional (Figs. 3 and 4).

Fig. 1 A functional relationship
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Fig. 2 A non-functional relationship, e.g., for X � 0.2, there are two values of Y (A and B)

Fig. 3 Scatter plot of an ideal functional relationship that is changed to a nonfunctional due to noise or other
modulating factors

Figure 4 shows that X cannot predict Y properly, but Y can predict X strongly. In other
words, in Fig. 4, X is dependent on Y strongly. This procedure leads us to the concept of
dependency based on a scatter plot.

If X and Y are mathematically independent, then we have:

P(Y |X) � P(Y) (2)
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Fig. 4 Scatter plot of a non-functional, noisy relationship

where P is the probability distribution function and P(Y |X) is the (discrete) conditional
probability distribution of Y, given the nonzero probability X.

Note that in this study, X and Y are not general random variables in a statistical sense.
They are sequences of observations of a (random) process. For example, theymay be samples
of the height and weight of a population.

If Y and X are independent sequences, then we have:

|P(Y) − P(Y |X)| � 0 (3)

1.1.3 Difference between dependence and correlation

Despite dependency, correlation only shows the proximity of scatter plot points to the inter-
polation curve. In other words, correlation indicates how small the variance is around the
interpolation curve (principal curve). The interpolation curve of Figs. 4 and 5 is shown in
Fig. 3, and the interpolation curve of Fig. 3 is shown in Fig. 1. The correlation between X
and Y in Fig. 5 is greater than Fig. 4, but Y has a low dependence on X.

If X can properly predict Y, then there is both dependence and correlation between Y
and X. Pearson, Spearman, and Kendall coefficients can be used for linear, monotonical, and
ranked correlations, respectively.

1.1.4 Method’s overview

In the real world, we deal with scatter plots instead of continuous random variables. So, in this
section, dependence measurement is investigated based on a scatter plot. First the principal
idea is explained, and then the proposed algorithm is described.
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Fig. 5 Scatter plot of low dependent but highly correlated Y–X

2 Main idea and principal assumption

Regarding Eq. 3, the term |P(Y) − P(Y |X)| can be defined as a measure of independence.
This definition is our principal assumption:

Independecy
def� |P(Y) − P(Y |X)|

Simultaneously, a clear definition of independence can be presented by the following
equation:

Dependency � 1 − Independency

Or:

Dependecy � 1 − |P(Y) − P(Y |X)| (4)

Basically, to calculate dependency or independency over a scatter plot, a complex combi-
nation of Bayes rules and chain rules should be used, but in this paper, an intuitive measure
is presented by a new method, named area of successive triangles (AST).

Originally,

(
X � x
Y � y

)
pairs on a scatter plot do not necessarily indicate a functional

relation. But if the random variable Y is dependent on X , then there exists a regression
function f (X) that relates Y to X . The aim of this article is not to find the specific regression
function f (x), but to estimate the probability of the existence of such a function [30]. In
other words, the presented method in this paper measures the dependence of Y on X .
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If we expand Eq. 4 for each point, after averaging all points, we have:

Dependency � 1 −
∑n

j�1
∑n

i�1

∣∣P(
Y � y j

) − P(Y � y j |X � xi )
∣∣

n2
(5)

Suppose D(i , j) as:

D(i , j) � ∣∣P(
Y � y j

) − P(Y � y j |X � xi )
∣∣

Then we have:

Dependency � 1 −
∑n

j�1
∑n

i�1 D(i , j)

n2
(6)

Suppose there are just 3 points on a scatter plot, and suppose A � (x1, y1), B � (x2, y2)
and C � (x3, y3) are three adjacent points; then, for 1 ≤ i ≤ 3 and 1 ≤ i ≤ 3, we can define
D(i , j) as the strength of dependency of point y j to the point xi as follows:

D(i , j) � ∣∣P(
Y � y j

) − P(Y � j |X � xi )
∣∣

Generally, three points on the X − Y plane can form a triangle. If the regression or
interpolating function f (x) exists and f (x) is smooth enough, then the simplest relation
between three points is a linear relation. It means, three points are located on a straight line,
and the area formed by these three points is zero. A smaller area of the triangle indicates
greater dependency. On the other hand, if f (x) does not exist, or there is a significant noise
on f (x), then the area of the triangle formed by these three points is considerable and also
greater than zero. In reality, due to noise, measuring errors, and the nature of f (x), the three
adjacent points are not distributed on a line.

In cases where a scatter plot (such as Fig. 6) consists of more than three points, a prior
knowledge about the X and Y probability distribution, as well as their joint probability
distribution is required.

The dependency due to the first three points or first triangle (D1) is maximumwhen points
A, B, and C are on a straight line; consequently, we have:

D1 ∝ 1 − A�ABC (7)

Fig. 6 Disjoint triangles on a functionalized scatter plot
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where A�ABC is the area of triangle �ABC .
Considering other triangles, the proportional relation of Eq. 7 can be converted to the

following equation:

Dependency Approximation � 1 − λ

Nt∑
i�1

A�i

where A�i is the area of triangle i , λ is a constant, and Nt is the number of triangles.
Although in this method, we cannot have an exact value for λ, as shown in Eq. 8, we

can normalize λ
∑Nt

i�1 A�i term by a similar value (term) of a random sequence. So, with a

suitable approximation λ is crossed out from the numerator and denominator. The probability
distribution of this random sequence is investigated in the AST of a random dataset section.

As shown in Fig. 6, the area between disjoint triangles is ignored. To overcome this issue,
we use Area of successive triangles (AST) (Fig. 8), instead of area of disjoint triangles. In
the following sections, AST is explained in detail.

3 Idea implementation

The proposed method includes the following two different sub-algorithms:

1 Tomeasure dependency, a functionalizationmethod was developed, which transforms the
input scatter plot to a functional scatter plot.

2 The AST or “Area of Successive Triangles” method was developed to determine the
randomness of a functional scatter plot.

To implement the above two different sub-methods, the following algorithmwas designed.
First, suppose i � 0.

A. Functionalize Y with respect to X. Then replace X ← Xfunctionalized and

Y ← Y functionalized

i � i + 1

The functionalization method is explained in the section “Functionalizing of a scatter
plot.”

B. Normalize X and Y between 0 and 1.
C. Measure the variations of Y caused by X using AST method and get the ASTX (i).
D. Generate a random variable X rnd with the same distribution as X to obtain X rnd − Y

scatter plot.
E. Measure the variations of Y caused by X rnd by AST method and obtain ASTXrnd (i).
F. To reduce the functionalization side effects, permute (xk , yk) pairs to derive a new

rearrangement of X and Y pairs (see example 1 for more details), where xk is an element
of X, and yk is an element of Y. Obtaining these permutations is only necessary in cases
where there are multiple yk for a single xk .

G. Repeat previous steps n times, to obtain other instances or values of ASTX and ASTXrnd ,
where n is an arbitrary integer, representing the number of instances or runs. Larger n
gives better results. This means that the algorithm is dependent on n. Notice that, here n
is not the number of triangles.
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H. Replace ASTX and ASTXrnd by their average values:

ASTX �
(
i�n∑
i�1

ASTX (i)

)
/n

and:

ASTXrnd �
(
i�n∑
i�1

ASTXrnd (i)

)
/n

I. Divide ASTX by ASTXrnd to obtain a measure of normalized independence of Y from
X:

Normalized Independency � ASTX

ASTXrnd

(8)

The ratio of ASTX
ASTXrnd

is a measure of both randomness and independence. A small ratio

indicates low randomness. The term 1
ASTXrnd

can be regarded as the constant of equation

(λ) in the previous section.
J. Numerical Dependency Analysis (NDA) dependency coefficient can be calculated by the

following equation.

NDA � 1 − Normalized Independency

Or:

NDA � 1 − ASTX

ASTXrnd

NDA is asymmetric, i.e., NDAXY �� NDAY X . NDA value is between − 1 and + 1.
NDA < 0 shows no dependence, while values greater than 0 are indicative of dependency.
Large NDA values indicate high dependence and also high correlation.

3.1 Functionalizing of a scatter plot

As mentioned earlier, in the real world, data are usually in the form of scatter plots, such as
Figs. 3 and 4. It means that, for one X value there may be more than one Y value, which
contradicts the concept of functionality. To convert (rearrange) a non-functional (X , Y)

scatter plot to a functional form, a method called functionalizing by fixed intervals was used.
In the following subsections, functionalization procedure will be examined.

3.2 The functionalizing algorithm

In this section, the concept of functionalization and functional relations is further explained.
In a functional scatter plot, there is only one yi corresponding to each xi . If the interval or
step size between xi and xi+1 is regarded as sti , then we have:

sti � xi+1 − xi

In general, it is not necessary that the distances sti to be equal. But in the functionalization
method with fixed distances, after functionalization, these distances are considered the same.

123
Content courtesy of Springer Nature, terms of use apply. Rights reserved.



A. Zanghaei et al.

Ranked (ordered) and categorical data usually have fixed intervals in the X axis, but scale
data may have variable intervals.

To convert a non-functional scatter plot to a functional one, first a new arrangement of
xi should be generated. In this new arrangement there is just one yi for each xi . So, the
aim of functionalization is to determine all xi . During the functionalizing procedure, the
corresponding values of xi , i .e., yi remain unchanged, so the histogram of Y does not
change. But, the histogram of X may change slightly. The following algorithm shows the
functionalizing procedure.

1. Sort (xi , yi ) pairs in ascending order based on the X axis. Suppose that the first point
is (x1.y1), and other points are (x2, y2) . . . (xn , yn). where n is the number of X. After
sorting we have:

x1 ≤ x2 . . . xn−1 ≤ xn

2. Calculate the step size between xi and xn+1 by the following equation:

st � xn − x1
n − 1

3. Suppose i � 0.
4. Increase the i value by one, (i � i + 1).
5. Suppose X ′ is the horizontal axis of functionalized scatter plot and xi ′ is a member of

X ′. Calculate the xi ′ from the following equation:

x ′
i � st(i − 1) + x1

6. If there is only one yi value for xi , keep this point i.e., (xi , yi ) as a member of the
functional scatter plot, and then go to step 4. Otherwise, follow the next steps.

7. Consider ni as the number of
(
xi , y j

)
pairs at xi , where (1 ≤ j ≤ ni ). Redistribute all(

xi , y j
)
pairs in the interval x ′

i to x ′
i + st ∗ ni uniformly by the step size st in the same

order as the original.
8. Repeat steps 4–7 for the next points (up to i � n).

Functionalization does not changeY values, only the X values. The minimum step size of
X should be physically meaningful. For example, variations of less than 1 kg in the patient’s
weight can be neglected in many studies; therefore, the resolution of the step size should be
selected larger than 1 kg. The following example shows the functionalization process.

Example 1 Assume numeric sequences as X � [1, 2, 2, 3] and Y � [1, 1, 2, 3] (Fig. 7).
As seen in Fig. 7, the scatter plot has 4 points. So, according to the second step of the

functionalizing algorithm, we have:

st � (3 − 1)

4 − 1
� 2

3

For the first point on X-axis i.e.,x1 � 1 there is only one point, i.e., y0 � 1. It means the
first point of functionalized scatter is:

x ′
1 � 2

3
(1 − 1) + 1 � 1(

x ′
1, y

′
1

) � (1, 1)

But, for x2 � 2 there are two points (2, 1) and (2, 2), thus we can distribute points (2, 1)
and (2, 2) with two permutations:
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Fig. 7 Data of example 1

Permutation 1

x ′
2 � 2

3
(2 − 1) + 1 � 5

3(
x ′
2, y

′
2

) �
(
5

3
, 2

)

x ′
3 � 2

3
(3 − 1) + 1 � 7

3(
x ′
3, y

′
3

) �
(
7

3
, 1

)

Permutation 2
The second permutation is like first the permutation, and only the place of yi are changed.

x ′
2 � 2

3
(2 − 1) + 1 � 5

3(
x ′
2, y

′
2

) �
(
5

3
, 1

)

x ′
3 � 2

3
(3 − 1) + 1 � 7

3(
x ′
3, y

′
3

) �
(
7

3
, 2

)

The last point at X-axis is x2 � (3, 3) which is a single point. So, the last point in the
functionalized scatter plot is:

x ′
4 � 2

3
(4 − 1) + 1 � 3(

x ′
3, y

′
3

) � (3, 3)
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The result of the functionalization algorithm can be either of two following permutations:

X ′ �
[
1,

5

3
,
7

3
, 3

]
and Y ′ � [1, 2, 1, 3]

X ′ �
[
1,

5

3
,
7

3
, 3

]
and Y ′ � [1, 1, 2, 3]

In scatter plots with more points, there may be more permutations.

4 Data normalization

In order to correctly compare the results of different data, data should be normalized between
zero and one, so that:

0 ≤ X ≤ 1 and 0 ≤ Y ≤ 1

Area of square between 0 ≤ X ≤ 1 and 0 ≤ Y ≤ 1 is one. As explained in the future
sections, this value represents the probability of one.

4.1 Area of successive triangles (AST)

To measure the randomness of Y ′ variation due to the changes of X ′, the new concept of
successive triangles was used in the X ′ − Y ′ plane. Remember that X ′ data were sorted in
the functionalization step, i.e., for any three subsequent xi ′ in X ′ we have:

x ′
i−1 < x ′

i < x ′
i+1 x ′

i−1, x
′
i , x

′
i+1 ∈ X ′

We draw triangles on the functionalized X ′ −Y ′ scatter plot, so that each triangle consists
of three successive points. Two successive triangles overlap at two points. Triangles show
the magnitude of variation of Y due to (small) X variation.

It should be noted that, as shown in Fig. 6, if the triangles are considered separately, the
area between the disjoint triangles is ignored in the calculations. To overcome this problem,
instead of the area of disjoint triangles, theArea of SuccessiveTriangles (AST) is used (Fig. 8).
Figure 8 shows a functional curve, where points A, B, C, and D are four successive points
on this curve. Although this figure does not show a scatter plot, which has been mentioned
so far, the curve is the limit state of a scatter plot. To measure the randomness of variations
of Y due to changes of X, successive triangles were plotted using the following steps:

1- Start from the first point on the curve (A). It is the first point of the first triangle. The
next two points are the other vertices of this triangle (�ABC).

2- Continue with the next triangle, which starts with the second point (B) of the first triangle
(�ABC).

3- If there is an intersection between the first and second triangles, there will be a third
triangle (�BEC).

4- Repeat the above steps for other points.
5- The total area of all these successive triangles is a measure of curve randomness or

dependency. We name it the Area of Successive Triangles, or AST.

Example 2 Calculate the AST of Fig. 8.
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Fig. 8 Successive triangles on a curvature

In this example, the AST of Fig. 8 is:

AST � A�ABE + A�BEC + A�ECD

where A�ABE denotes the area of triangle �ABE and so on. A low AST indicates low
randomness and high dependency.

Example 3 Figure 9 depicts successive triangles of

(
X

sin(X)

)
, and Fig. 10 shows successive

triangles of

(
sin(Y )

Y

)
.

4.2 AST of a random dataset

AST itself is not a good measure of independence or randomness, due to its bias. But why
is there a bias in AST? This bias is because X and Y can be of different data types, i.e.,
categorical, ordinal, or numeric with different lengths. Our simulations show that the AST
of random data depends on three factors: data type, data length, and data distribution. In the
Simulation Results section, the answer of mentioned question is explained in detail through
simulated data. What happens if Y is completely independent of X?

To answer this question, a random or pseudorandom X rand variable was generated, so that
its size was equal to the size of X. Subsequently, a new scatter plot of X rand − Y is obtained,
and the AST is calculated over the X rand − Y scatter plot. X rand − Y scatter plot indicates
that there is no relation between X rand and Y, making AST to be a relatively large value.

Regarding the type ofY data, the AST of X rand − Y scatter plot has a typical value or a
bias value. Simulations show that the AST bias is highly independent of the size and type
of X, but AST is strongly dependent on Y levels. In other words, the number of Y levels
imposes a bias on AST. For example, if Y has only two levels, e.g., positive or negative, the
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Fig. 9 Successive triangles of sin(X) and a magnified section show successive triangles. This figure shows a
small Area of Successive Triangles (AST) for a functional relationship

Fig. 10 Successive triangles of sin(Y ). This figure shows a large AST for a non-functional relationship

AST is naturally large, but if Y is numeric, e.g., integers 1 to 100, the AST is naturally small.
Figure 11 shows that regarding X rand − Y scatter plot, increasing the number of Y levels
leads to a decrease in AST. Clearly, the number of Y levels is independent of sample size or
Y length.

Another parameter that affects the value of AST isX distribution. For example, a uniform
distribution of X rnd has less AST than a normal distribution. Therefore, we select Xrnd with
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Fig. 11 AST of Xrand − Y versus the number of Y level. X values are integers between 1 and 100

the same distribution (identically distributed) asX. So, in order to compare different AST(s),
in step I of the Idea implementation section, we should normalize AST of X by AST of X rnd

(or ASTXrnd ).

4.3 Robustness and criteria NDA

NDA originally is sensitive to smoothness of variations; therefore, it is important to be the
variations of the regression function f (x) less than the variation of noise.

Suppose f (x) is a continues function, then we have:

F(ω) � FT ( f (x))

where
FT ( f (x)) is Fourier transformof functionalized f (x), and || ||denotes the normoperator.
Suppose ωmax is the maximum meaningful angular frequency that exists in F(ω). Then

NDA has a good result if there are enough samples per maximum ωmax. In other words, there
must be enough samples per Tmin � 2π

ωmax
. It seems about 10 samples per a period of Tmin

may be sufficient. It means that the proportion of the population that is sampled should be
large enough to represent the regression function f (x).
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Table 1 Interpreting of NDA
From To Interpretation (NDA)

0.5 1 Very high dependency

0.3 0.5 High dependency

0.15 0.3 Moderate dependency

0.02 0.15 Low dependency

0 0.02 Very weak dependency

- 1 0 No dependency

For periodic dependencies (functions) such as sin(ωx) there must be enough samples in
each period to obtain a good NDA result; otherwise, NDA has misleading results, because
NDA is basically sensitive to the smoothness of the regression function.

On the other hand, the variations of f (x) should be small enough. As mentioned earlier,
due to the sampling effect, measuring error or the effect of other variables, f (x) is noisy.
The ratio variance of noise on f (x)

variance of f (x) should be small enough in order to obtain a correct NDA.

5 Results

To validate the developed method, first, simulated data were used, i.e., linear, sinusoidal,
nominal, and piecewise function simulated data. Then NDA was applied to the clinical data.
Finally, as an application, NDA was used as a method for template matching.

5.1 Interpreting NDA

NDA is not a correlation coefficient [93], therefore, the interpretation of NDA differs from
common correlation coefficients. TheNDAcoefficient can be interpreted as shown in Table 1.

As it can be concluded from Table 1, the NDA values of approximately 0.15 indicate
moderate dependence. Values 0.3 to 0.5 show high dependence, and values greater than 0.5
indicates strong dependence.

Of course, NDA is asymmetric; for example, in Figs. 9 and 10, we have NDAXY � 0.99,
NDAY X � −.38, , respectively. These two figures are similar, and only the axes of X and
Y are displaced.

5.2 Simulation results

There are some methods to simulate dependent variables [84, 85]. To assess the proposed
method, three types of linear, nonlinear, and nominal simulated variables were generated by
adding noise to the functional relations.
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5.3 Linear dependence of simulated data

To validate the proposed method with linear simulated data, the X variable was generated
with the following equation:

X � {t|0 ≤ t ≤ 50, t ∈ R}
Y � X + A ∗

(
Û (0, 1) − 0.5

)
(9)

For simplicity, X was not defined as a random variable, so it has a strict definition (Eq. 9).
In Eq. 9, Û (0, 1) represents the uniformly distributed random in the interval (0, 1). and A is
a coefficient that determines the noise level or noise amplitude. Figure 12 shows an example
of a linear relation between X and Y, as well as the NDA and correlation coefficients for this
scatter plot.

Figure 13 shows changes in the NDA, Pearson, Spearman, and Kendall coefficients as the
noise amplitude of Eq. 9 increased. NDA is more sensitive to noise, because noise reduces
dependency.

It is worth mentioning that although the NDA coefficient measures dependence and is
different from other correlation coefficients, the NDA coefficient can also be used to measure
correlation, because variables that are dependent are also correlated.

Fig. 12 A noisy linear relation between X and Y variables
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Fig. 13 Correlation of Y � X versus noise level

5.4 Sinusoidal dependence of simulated data

Figure 14 shows a typical sinusoidal scatter plot of:

X � {t|0 ≤ t ≤ 50, t ∈ R}

Y � sin(X/5) + A ∗ Û (0, 1)

As it can be seen from the title of Fig. 14, Pearson, Kendall, and Spearman’s coefficients
are very small (near zero), while NDA exhibits significant dependency of 0.22.

According to Fig. 15, the Pearson, Spearman, and Kendall coefficients do not change
significantly by the increase of the noise level in Fig. 14. But NDA shows a rapid decrease
by increasing the noise level.

5.5 Nominal dependence of simulated data

NDA considers nominal data as numerical variables.

X � {t|0 ≤ t ≤ 50, t ∈ R}

Y � sin(X/5) + A ∗ Û (0, 1)

where �� denotes the floor function.
Figure 16 shows a typical four-level nominal datawith noise (Note that the data are nominal

and not discrete.). The solid lines are guidelines that show the levels of nominal data. As

123
Content courtesy of Springer Nature, terms of use apply. Rights reserved.



Numerical dependency analysis (NDA): a newmethod for estimating…

Fig. 14 A typical Y � sin(X/5) + noise scatter plot. NDA and correlation coefficients are shown in the figure
title. The unit of X-axis is in degrees

shown on the top of Fig. 16, the values of Pearson, Kendall, and Spearman coefficients are
small, while the value of NDA is a suitable value, i.e., 0.317, according to Table 1.

Figure 17 shows that the NDA coefficient decreases as noise level increases, while the
Pearson, Spearman, and Kendall coefficients do not change significantly.

5.6 Nonlinear dependence of simulated data

Figure 18 shows a typical nonlinear scatter plot of:

X � { sin(t/5)|0 ≤ t ≤ 50, t ∈ R}
Y � { t + A ∗ Û (0, 1)|0 ≤ t ≤ 50, t ∈ R}

According to Fig. 19 the Pearson, Spearman, Kendall coefficients, and NDA are low.

5.7 Experimental results

5.7.1 In-hospital mortality patients with ST-segment-elevation myocardial infarction

To validate the proposed method by clinical data, a freely available data on ST-Segment-
Elevation Myocardial Infarction (STEMI) was used [94]. These data are based on a cohort
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Fig. 15 Correlation of Y � sin(X/5) + noise versus noise level

study of 2,816 patients with STEMI from ImamAli Hospital at the KermanshahUniversity of
Medical Sciences, from July 2017 to May 2020. Briefly. There are 55 independent variables,
which is a large number for prediction purposes. So, to find important features, and to mea-
sure the effect of independent variables on patient outcome or In-Hospital Mortality, NDA
was used. In addition, the NDA results were compared to Spearman, Kendall, and Pearson
coefficients (Table 2). As seen from Table 2, there are some differences between NDA results
and correlation methods.

As it can be seen from Table 2, the worst Killip class is highly dependent on In-Hospital
Mortality. The Killip classification system itself is a valid tool that classifies the mortality
risk of patients with acute myocardial, so it is related to In-Hospital Mortality (especially the
worst Killip class) [95]. The other important variable is LDL, which is a good predictor of
cardiac dysfunction [96].

Using a Directed Acyclic Graph (DAG), the NDA coefficient matrix can be visualized [97,
98]. In this example, the NDA coefficient is a high dimensional DAG [99]. Considering NDA
values greater than 0.4, the DAG around In-Hospital Mortality node is shown in Fig. 20.

If variableswithNDAcoefficients of 0.029 or higher fromTable 2 are selected as important
features, we have Table 3 using a Neural Network (NN) model with Monte Carlo cross-
validation for 20 times.

As shown in Table 3, the area under the curve (AUC) is 0.95. AUC shows the prediction
performance of the model. This good AUC, compared to similar studies [100], shows the
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Fig. 16 Discrete (nominal) function with 4-levels

important features selected by NDA can properly predict the target variable (In-Hospital
Mortality) together with neural networks.

5.7.2 Template matching example

NDA can have other applications like pattern template matching. Here is an experimental
example of this application. In a study on rapid detection of clinical bacteria samples, we had
to compare the pattern of the clinical samples with the pattern of standard bacteria. Figure 21
shows four standard bacteria patterns. Bacteria patterns show changes in the fluorescence
intensity versus bacteria concentration. Patterns of clinical strains have similar profiles [101].
Methods such as mean square error (MSE) can be used to compare these patterns; but MSE
is not a suitable measure, because the bacteria patterns are very similar to each other. In
addition, there may be a bias between two patterns (as shown in Fig. 21), which leads to a
bias in the MSE.

In this case, we need a good method to measure the matching or similarity of two patterns.
If two patterns (clinical and standard pattern) are of the same bacteria, then the profile of
one pattern is dependent on another profile. Simply speaking, one profile goes up and down
by another profile. So, we plotted the intensity of one profile versus the intensity of another
profile for each concentration. Ideally, the clinical pattern must obey the standard pattern, so
the points of this scatter plot must be distributed around the y � x + b regression line, where
b is the bias between two patterns, which is related to the initial conditions of the experiment.
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Fig. 17 Correlation changes versus noise of a discrete (nominal) 4-level function

Table 4 shows the NDA value between different clinical samples and standard patterns.
As shown in Table 4, the diagonal elements of Table 4 are greater than other elements in

each row, so NDA can properly measure the similarity or matching of two patterns.

6 Discussions

Due to promising simulation and experimental results of NDA, it is strongly recommended
to use NDA as a measure of dependence. Although there are similar attempts to measure
dependence in the literature [50–52, 68, 102], the use of functionalizing technique and AST
measure distinguishes NDA from other studies.

Although the NDA coefficient matrix reveals relations of a causal reasoning model, it
would be more beneficial to plot the DAG graph of the NDA coefficient. In fact, DAG is
a causal graph. This would help identify common-cause, common-effect, causal chains, or
causal homeostasis relationships, using graph mining techniques or association rule mining
methods [88, 103–109]. Subgraphs of DAG depict independent subsets of variables. DAG-
related algorithms can be used for more studies [110].

The NDA method does not require prior knowledge about the data distribution, so it is
distribution-free. As it was examined in the results section, NDA can be used for linear,
nonlinear, numerical, and nominal data. Figures 14 and 15 show the common correlation
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Fig. 18 A typical Y � sin−1(X/5) + noise scatter plot. NDA and correlation coefficients are shown in the figure
title. The unit of the Y -axis is in degrees

coefficients and NDA for sinusoidal function(s), whereas Figs. 18 and 19 show these values
for the inverse sine function. Comparing these figures reveals that, in contrast to NDA,
common correlation coefficients have similar results for a functional relation and its invers
function. So, in contrast to NDA, Pearson, Spearman, and Kendall correlation coefficients
can only measure correlation, especially for linear or monotonic functions. However, NDA
can also be used to measure correlation using the formula:

Correlation(X , Y) � max{NDA(X , Y) + NDA(Y , X)}

Currently, NDA is a bivariate method, and the effect of other variables on the dependent
variable appears as noise, but it can be further extended for multivariable processes by inte-
grating neural networks and NDA. Neural networks and also regression methods can extract
the optimum equation between each independent variable and dependent variable, and then
NDA can measure the effect of each independent variable on the dependent variable to find
the important feature or features.

In this study, the NDA value is dependent on the number of runs (step G in Method’s
overview). In future studies, NDA can be made independent of the number of runs, which
makes NDA faster. Depending on the type of data (categorical or numerical), NDA produces
an acceptable result with a few tens of samples.
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Fig. 19 Correlation of Y � sin−1(X/5) + noise versus noise level

Using NDA, a good estimation of the minimal important change difference (MICD) [111,
112], the minimal important change (MIC) [113], the dependence between two signals [69,
114], and the entropy of a signal [102, 115, 116] can be obtained.

The simulation results and NDA results with real-world data in the results section show
thatNDA is robust to the noise.However, NDA is sensitive to the smoothness of the regression
function, so there must be enough samples to get a good NDA result; otherwise, NDA will
give misleading results.

While NDA provides a local measure of dependence of three successive points, it can
be developed to measure global dependence by increasing the intervals between successive
points of triangles [117, 118].

NDA still requires improvement; so, any modifications both to the method and MATLAB
codes are welcomed.

7 Conclusions

In this research paper, we have introduced a groundbreaking method known as numerical
dependency analysis (NDA), which opens up new possibilities in the field of statistical depen-
dency. This innovative approach was designed to quantify the dependence of one variable on
another. The novelty of this paper lies in the AST and functionalizing technique, which are
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Table 2 Comparison of NDA and correlation coefficients of In-Hospital Mortality. For more details about the
variables in this table, refer to the related study [94]

Number Feature NDA Pearson Spearman Kendall

1 Worst.Killip.class 0.788 0.626 0.494 0.476

2 LDH 0.592 0.559 0.336 0.276

3 Highest.Cr (Creatinine) 0.286 0.315 0.254 0.221

4 First.EF 0.275 − 0.291 − 0.259 − 0.226

5 HF.in.hospital 0.248 0.298 0.298 0.298

6 Last.EF 0.244 − 0.276 − 0.248 − 0.217

7 Killip.class 0.207 0.378 0.331 0.326

8 CCS.class 0.175 0.235 0.206 0.204

9 CLCR (Creatinine Clearance) 0.171 − 0.197 − 0.214 − 0.175

10 SBP 0.157 − 0.195 − 0.179 − 0.152

11 Early.Cr 0.149 0.260 0.193 0.169

12 PIC 0.129 − 0.234 − 0.234 − 0.234

13 Highest.CKMB 0.123 0.018 − 0.039 − 0.032

14 Age 0.098 0.152 0.151 0.123

15 Staged.PCI 0.090 − 0.116 − 0.120 − 0.119

16 HR.on.qualifying.EKG 0.084 0.065 0.060 0.050

17 Early.Hb 0.063 − 0.129 − 0.112 − 0.093

18 BMI 0.060 − 0.022 − 0.030 − 0.025

19 AF.in.hospital 0.056 0.179 0.179 0.179

20 Patient delay 0.053 − 0.006 0.009 0.007

21 Current.smoking 0.051 − 0.023 − 0.039 − 0.039

22 Stent 0.048 − 0.135 − 0.135 − 0.135

23 TIMI.flow.after.dilatation 0.048 − 0.142 − 0.108 − 0.107

24 Highest.Troponin 0.043 0.031 − 0.004 − 0.003

25 Highest.CPK 0.042 0.158 0.129 0.105

26 HDL 0.041 − 0.019 − 0.037 − 0.030

27 No.territories 0.040 0.105 0.106 0.099

28 Lowest.Hb 0.037 − 0.117 − 0.103 − 0.085

29 PLT 0.032 − 0.033 − 0.037 − 0.030

30 LDL 0.029 − 0.031 − 0.038 − 0.032

31 Previous.stroke 0.025 0.106 0.098 0.098

32 AF.on.qualifying.EKG 0.020 0.105 0.105 0.105

33 Diabetes 0.018 0.058 0.065 0.065

34 TC 0.018 − 0.030 − 0.030 − 0.025

35 Gender 0.018 0.088 0.088 0.088

36 First.CPK 0.018 0.096 0.063 0.051

37 HLP 0.017 0.004 − 0.008 − 0.008
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Table 2 (continued)

Number Feature NDA Pearson Spearman Kendall

38 TIMI.flow.before.dilatation 0.016 − 0.058 − 0.077 − 0.075

39 First.CKMB 0.014 0.089 0.082 0.069

40 Previous.AF 0.014 0.074 0.074 0.074

41 HTN 0.012 0.070 0.073 0.073

42 LMS.stenosis 0.012 0.114 0.114 0.114

43 Dialysis 0.011 0.079 0.084 0.084

44 System delay 0.010 − 0.008 0.058 0.052

45 Bleeding 0.009 0.008 0.024 0.024

46 Previous.PCI 0.007 0.057 0.044 0.044

47 CHF 0.006 0.065 0.057 0.056

48 Previous.PVD 0.005 0.091 0.081 0.081

49 Thrombectomy.duration.PCI 0.005 0.053 0.053 0.053

50 Old.MI 0.003 0.025 0.028 0.027

51 ESR 0.000 0.012 − 0.003 − 0.003

52 Transfusion − 0.001 0.045 0.045 0.045

53 Previous.CABG − 0.008 0.028 0.020 0.020

54 First.Troponin − 0.012 − 0.029 − 0.025 − 0.025

55 TG − 0.027 0.004 − 0.013 − 0.011

Fig. 20 DAG around In-Hospital Mortality. Red values are the top two NDA values in Table 2
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Table 3 Neural network results using Monte Carlo cross-validation. Values in each row are the average of 3
different runs

Test number Specificity Sensitivity Accuracy AUC STD MAE

1 0.971 0.941 0.956 0.966 0.116 0.075

2 0.941 0.941 0.941 0.947 0.122 0.079

3 1.000 0.882 0.941 0.928 0.110 0.067

4 0.882 0.971 0.926 0.943 0.142 0.106

5 0.941 1.000 0.971 0.968 0.186 0.150

6 0.971 1.000 0.985 0.971 0.148 0.102

7 0.971 0.882 0.926 0.926 0.164 0.110

8 0.912 0.971 0.941 0.931 0.126 0.072

9 0.941 0.941 0.941 0.924 0.144 0.039

10 0.971 0.882 0.926 0.954 0.126 0.068

11 0.941 0.971 0.956 0.943 0.080 0.041

12 1.000 0.941 0.971 0.962 0.134 0.103

13 0.941 0.971 0.956 0.965 0.168 0.125

14 1.000 1.000 1.000 0.971 0.087 0.058

15 0.971 0.912 0.941 0.966 0.168 0.111

16 0.941 0.971 0.956 0.959 0.157 0.107

17 0.941 1.000 0.971 0.969 0.119 0.066

18 0.941 1.000 0.971 0.964 0.144 0.108

19 1.000 0.912 0.956 0.965 0.113 0.080

20 0.912 0.941 0.926 0.933 0.104 0.053

Mean 0.954 0.952 0.953 0.953 0.133 0.086

Fig. 21 Fluorescence pattern of standard bacteria. The vertical axis (dependent variable) shows the fluorescence
intensity during the bacteria’s activity, and the horizontal axis (independent variable) shows the concentration
of bacteria. The unit of the horizontal axis is colony forming unit (CFU)
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Table 4 NDA of clinical sample pattern to the standard bacteria pattern

Standard

Bacteria E. faecalis E. coli S. aureus S. flexneri

Clinical E. faecalis 0.835 0.119 0.107 0.107

E. coli 0.044 0.463 0.244 0.360

S. aureus − 0.238 0.137 0.220 − 0.119

S. flexneri 0.186 0.054 0.380 0.396

integral components of the NDAmethod. The effectiveness and accuracy of NDA have been
validated through both simulated and real-world data. NDA can be utilized in various other
applications, such as measurement of correlation and template matching.
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